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COTILTING SHEAVES ON NOETHERIAN SCHEMES
PAVEL CˇOUPEK AND JAN SˇTˇOVI´CˇEK
Abstract. We develop theory of (possibly large) cotilting objects of injective
dimension at most one in general Grothendieck categories. We show that
such cotilting objects are always pure-injective and that they characterize the
situation where the Grothendieck category is tilted using a torsion pair to
another Grothendieck category. We prove that for Noetherian schemes with
an ample family of line bundles a cotilting class of quasi-coherent sheaves is
closed under injective envelopes if and only if it is invariant under twists by
line bundles, and that such cotilting classes are parametrized by specialization
closed subsets disjoint from the associated points of the scheme. Finally, we
compute the cotilting sheaves of the latter type explicitly for curves as products
of direct images of indecomposable injective modules or completed canonical
modules at stalks.
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1. Introduction
Tilting theory is a collection of well established methods for studying equiv-
alences between triangulated categories in homological algebra. Although it has
many facets (see [AHHK07]), in its basic form [Hap87, Ric89] it struggles to an-
swer the following question: Given two abelian categories A,H, which may not be
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equivalent, how can we characterize the situation where their derived categories are
equivalent,
D(H) ≃ D(A)?
If H is a module category, H = Mod-R, the answer is well-known. The ring
R is transferred by the equivalence to what is called a tilting complex in D(A).
On the other hand, existence of a tilting complex in D(A) whose endomorphism
ring is R ensures such a derived equivalence. This is an extremely powerful tool to
study representations of groups and quivers, coherent sheaves in commutative or
non-commutative geometry, and also in various other situations.
The starting point for this paper is how to detect the case where H has an
injective cogenerator W , e.g. if H is a Grothendieck category. In this case, the
image C of W in D(A) should morally be a cotilting complex. However, we are on
a much more experimental ground now with an attempt to define such a complex
intrinsically in D(A). There are several definitions available in the case where C is
required to be an object of A (see [CDT97, CTT97, CGM07, Sˇt’o14, PS15, FMS17,
PSˇ17]), and rather recent research dealing with the case where C is an actual
complex, [PV18, NSZ19]. One of the major problems with manipulating cotilting
complexes is that, unlike the ring in its module category, injective cogenerators are
often very far from being finitely generated in any reasonable sense.
Our aim here is to understand the situation in detail for the particular case
where A is also a Grothendieck category, and preferably even the category QCohX
of quasi-coherent sheaves on a Noetherian scheme X . We are inspired by recent
progress in understanding cotilting sheaves of affine schemes in [AHPSˇT14, HSˇ17].
We also restrict the shape of derived equivalences which we consider. We only
focus on derived equivalences coming from ‘turning around’ a torsion pair (T ,F)
in A. This is a very general method introduced by Happel, Reiten and Smalø
in [HRS96]. The abelian category H which we obtain on the other end of the
derived equivalence comes equipped with a torsion pair (F , T ) and it has very
strong homological bonds to A. This effectively means that we restrict ourselves
to cotilting objects in A whose injective dimension is at most one.
Our main result in this direction (Theorem 4.5), which generalizes [PS15, §5],
says that for any Grothendieck category A equipped with a torsion pair (T ,F)
such that F contains a generator, the tilted category H (in the sense of Happel,
Reiten and Smalø) is again a Grothendieck category if and only ifH has an injective
cogenerator if and only if F has an injective cogenerator C as an exact category.
We call such objects of A cotilting.
In order to prove this result, we had to overcome the following problem—all
proofs available for module categories use the fact that cotilting modules are pure-
injective. As a general Grothendieck category A need not be locally finitely pre-
sentable, there does not seem to be any good definition of a pure-exact structure on
A available. Still it turns out that it make sense to define pure-injective objects in
this context and that all cotilting objects as in the last paragraph are pure-injective
(Theorem 3.9).
The pure-injectivity has other nice consequences. For example, this allows us to
easily describe the cotilting torsion-free classes in A (Theorem 3.10) and, if A is
a locally Noetherian Grothendieck category, cotilting objects are parametrized, up
to product equivalence, by torsion pairs in the category A0 of Noetherian objects
of A (Theorem 3.13; see also [BK03, PS15]).
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If X is a Noetherian scheme, this takes us back to our original aim. We can
in principle classify all cotilting sheaves in QCohX , up to product equivalence, as
soon as we understand torsion pairs in CohX . If X is affine, all torsion pairs in
CohX are hereditary and given by a subset Y ⊆ X which is closed under specializa-
tion [AHPSˇT14, §2]. If X is non-affine, this is no longer the case. Here we single
out the torsion pairs in CohX which are hereditary (Theorem 5.11). It turns out
that these are again precisely the ones classified by specialization closed subsets
Y ⊆ X , or equivalently the ones for which the torsion class is a tensor ideal. If X
has an ample family of line bundles, these are also precisely those for which the
torsion-free class is closed under twists by the line bundles. The consequences for
cotilting quasi-coherent sheaves are then summarized in Theorem 6.6.
Last but not least, we also illustrate the theory throughout the paper in the
case of 1-dimensional Noetherian schemes by providing an explicit computation of
the cotilting sheaves associated to a specialization closed subset. We discuss the
example of QCohP1
k
, quasi-coherent sheaves on the projective line over a field, in
particular. It turns out that all the technical nuances and differences from the affine
situation already occur there.
2. Cotilting objects in Grothendieck categories
The goal of the section is to establish basic theory of cotilting objects of injective
dimension at most 1 for Grothendieck categories. The definition of such a (infinitely
generated) cotilting object in a module category is rather standard, see [CDT97,
CTT97]. However, as mentioned in the introduction, extensions of the concept to
more general abelian categories or even triangulated categories are still subject to
experiments by various authors, see e.g. [PS15, FMS17, PV18, NSZ19] to name a
few.
Here we show that basic aspects of cotilting modules from [CDT97, CTT97]
generalize to Grothendieck categories rather easily and that our definition matches
perfectly with the one from [PS15, FMS17, NSZ19] (and a posteriori with [PV18]
as well in view of the results in [NSZ19]).
At several steps throughout this section, we make use of results on interaction
of the Ext1-functor with infinite products in a Grothendieck category, which are
stated in Appendix A.
We start by recalling the definition of a torsion pair in an abelian category.
Definition 2.1 ([Dic66]). Let A be an abelian category. A torsion pair in A is a
pair (T ,F) of full subcategories of A such that
(1) HomA(T ,F) = 0, and
(2) for every A ∈ A, there is an exact sequence
0 T A F 0
with T ∈ T and F ∈ F . We call the object T the torsion part of A, and the
object F the torsion-free part of A.
A torsion pair (T ,F) is called hereditary if T is closed under subobjects.
Remark 2.2 ([Dic66]).
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(1) It follows from the definition that for each torsion pair F = KerHomA(T ,−)
and T = KerHomA(−,F). In particular, T is closed under extensions, fac-
tors and under all colimits that exist in A and, dually, F is closed under
extensions, subobjects and limits.
(2) Suppose that A is a well-powered abelian category where for every di-
rect system Ai of subobjects of a fixed object A (and monomorphisms
compatible with those to A), lim
−→i
Ai exists—this is fulfilled in particular
when A is a Grothendieck category (e.g. QCohX) or a Noetherian category
(e.g. CohX for a Noetherian scheme X). Assume that T ⊆ A is closed
under extensions, quotients and under colimits that exist in A, and put
F = KerHomA(T ,−). Then (T ,F) is a torsion pair.
Indeed, consider A ∈ A, and take T
α
→֒ A the maximum subobject of A
with T ∈ T . Such a T exists, it is obtained as the image of lim
−→i
Ti → A,
where Ti varies over (representatives of) all subobjects of A which are in T .
Then necessarily Cokerα ∈ F and we obtain the exact sequence required
by Definition 2.1 (2).
We will also make use of the following easy observation, whose proof we omit.
Lemma 2.3. Suppose (T ,F) and (T ′,F ′) are two torsion pairs in an abelian
category A such that T ⊆ T ′ and F ⊆ F ′. Then (T ,F) = (T ′,F ′).
Given a class of objects C in a Grothendieck category A, we further denote
⊥C = {F ∈ A | Ext1A(F,C) = 0 for each C ∈ C},
C⊥ = {F ∈ A | Ext1A(C,F ) = 0 for each C ∈ C}
and we denote by Prod(C) the class of direct summands of arbitrary direct products
of objects from C. If C = {C} is a singleton, we simply write ⊥C, C⊥ and Prod(C),
respectively. Given an object C ∈ A, we denote by Cogen(C) the class of all objects
F ∈ A which are cogenerated by C (that is, which admit an embedding of the form
F →֒ C×I).
Now we can give the technically least involved definition of a cotilting object in
a Grothendieck category A. It generalizes [Col99, Definition 2.6] for Grothendieck
categories which might not have enough projective objects.
Definition 2.4. An object C in a Grothendieck category A is cotilting if ⊥C =
Cogen(C) and the class ⊥C contains a generator of A. The class C = Cogen(C) is
called the cotilting class associated with C.
Remark 2.5. Unlike in module categories, ⊥C is not automatically generating
since A may not have enough projective objects.
The following shows at once that each cotilting class is a torsion-free class. We
state the lemma in greater generality for later use.
Lemma 2.6. Let A be a Grothendieck category and C ∈ A be an object such that
Cogen(C) ⊆ ⊥C. Then the class Cogen(C) is torsion-free, with the corresponding
torsion class given by
T = {T ∈ A | HomA(T,C) = 0}.
In particular, the cotilting class is closed under direct sums.
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Proof. By the very definition, Cogen(C) is closed under taking subobjects and
products, and thus also all limits in A. Once we show that Cogen(C) is also closed
under extensions, it will be a torsion-free class by an argument formally dual to
Remark 2.2 (2).
To that end, consider a short exact sequence
0 F ′ F F ′′ 0
j p
in A, where F ′, F ′′ ∈ Cogen(C). That is, we have monomorphisms i′, i′′ forming
the solid part of the following diagram:
0 F ′ F F ′′ 0
0 C×I C×(I∪J) C×J 0
j
i′
p
( k
i′′p
) i′′
ιI piJ
Regarding the dotted part, we take for the lower sequence the split exact sequence
with the canonical projections and inclusions. Since F ′′ ∈ Cogen(C) ⊆ ⊥C =
⊥C×(I∪J) by Corollary A.3, the composition ιI i
′ extends to a morphism k : F →
C×(I∪J), i.e. ιI i
′ = kj. One readily checks that this choice of k in the matrix at
the middle vertical arrow makes the diagram commutative and that, by the Four
Lemma, the middle arrow is a monomorphism. Thus, F ∈ Cogen(C), as required.
Finally, note that the canonical morphism
⊕
i∈I Fi →
∏
i∈I Fi from a direct sum
to a product is injective in any Grothendieck category, since it is the direct limit of
the split monomorphisms
⊕
i∈J Fi ≃
∏
i∈J Fi →
∏
i∈I Fi, where J runs over finite
subsets of I. It follows that any torsion-free class in a Grothendieck category is
closed under taking direct sums. 
Now we aim at giving a homological characterization of cotilting objects along
the lines of [CDT97, CTT97]. However, some care is necessary since products need
not be exact in A. We first note that the injective dimension of a cotilting object
C is at most one. Indeed, this is a consequence of the following proposition applied
to F = Cogen(C) = ⊥C.
Proposition 2.7. Let A be a Grothendieck category and F be a torsion-free class
in A which contains a generator. Then injdimC ≤ 1 for any C ∈ F⊥.
Proof. Let G be an object of A. We show that Ext2A(G,C) = 0 by showing that
every 2-fold extension of G by C represents the trivial class of Ext2A(G,C).
Consider a 2-fold extension
ξ : 0 C E2 E1 G 0 .
α
Since F contains a generator and is closed under direct sums by Lemma 2.6, there
is an object F1 ∈ F and an epimorphism ε : F1 → E1. If we denote β = αε and
consider the pullback of the projection π : E2 → Kerα along the map Kerβ → Kerα
induced by ε, we obtain the following commutative diagram with exact rows:
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ξ : 0 C E2 E1 G 0
Kerα
ξ′ : 0 C F2 F1 G 0
Kerβ
pi
α
γ
pi′′
ε
β
ε′
That is, the 2-extensions ξ and ξ′ represent the same element of Ext2A(G,C).
Now it is enough to show that ξ′ is trivial by showing that γ is split monic. This,
however, immediately follows from the fact that Kerβ ∈ F ⊆ ⊥C since Kerβ is a
subobject of F1. 
Suppose now that C ∈ A is a cotilting object. Then, by Corollary A.3, C×I is
also a cotilting object associated with the same cotilting class. In particular, each
C′ ∈ Prod(C) is of injective dimension at most one, and as such admits an injective
resolution
0 C′ E0 E1 0 .
We will show that, on the other hand, each injective object admits a dual reso-
lution in terms of objects of Prod(C). In order to do so, we need a lemma, which
in essence generalizes [CDT97, Proposition 1.8] to our abstract setting.
Lemma 2.8. Let C be an object of A satisfying ⊥C = Cogen(C). Assume that
K ∈ Cogen(C). Then there is a short exact sequence
0 K C×X L 0 ,
where X is a set and L ∈ Cogen(C).
Proof. We put X = HomA(K,C) and consider the diagonal map ∆: K → C×X .
That is, ∆ is given by πχ∆ = χ, χ ∈ X, and it is injective since K ∈ Cogen(C).
Thus, we obtain a short exact sequence
0 K C×X L 0∆
and it remains to check that L ∈ Cogen(C) = ⊥C. Applying HomA(−, C), we
obtain a long exact sequence
· · · HomA(C×X , C) HomA(K,C) Ext
1
A(L,C) Ext
1
A(C
×X , C) · · · .
−◦∆
The map−◦∆ = HomA(∆, C) is clearly surjective from construction and Ext
1
A(C
×X , C) =
0. Thus, Ext1A(L,C) = 0, which concludes the proof. 
Lemma 2.9. Given a cotilting object C of A, we have that
Cogen(C) ∩ Cogen(C)⊥ = Prod(C).
Proof. To show the inclusion ‘⊇’, note that Prod(C) ⊆ Cogen(C) and C ∈ (⊥C)⊥ =
Cogen(C)⊥, using Definition 2.4. It follows that Prod(C) ⊆ Cogen(C)⊥ since
Cogen(C)⊥ is closed under direct summands and direct products by Corollary A.2.
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Conversely, given P ∈ Cogen(C) ∩ Cogen(C)⊥, by Lemma 2.8 we obtain a
short exact sequence 0 → P → C×X → L → 0 with L ∈ Cogen(C). Since
P ∈ Cogen(C)⊥, the sequence splits, showing that P ∈ Prod(C) and thus finishing
the proof. 
Proposition 2.10. Let C be a 1-cotilting object of A. Given an injective object
W (an injective cogenerator for A in particular), there is a short exact sequence
0 C1 C0 W 0
with C0, C1 ∈ Prod(C).
Proof. The argument is very similar to the one used in [CT95] for modules, with
necessary modifications due to the fact that we do not have exact products and
enough projective objects.
Since ⊥C = Cogen(C) is generating, one can consider an epimorphism e′ : F ։
W , where F ∈ Cogen(C). By definition of Cogen(C), there is a monomorphism
ι : F →֒ C×I for some set I. By injectivity of W , e′ extends along ι to a morphism
e : C×I ։W . Clearly e is an epimorphism as well.
Thus, we have a short exact sequence
0 K C×I W 0,i e
and, obviously, K ∈ Cogen(C). By Lemma 2.8 there is a short exact sequence
0 K C×J L 0
j
for some set J and some L ∈ Cogen(C). Consider the pushout P of i and j,
which gives rise to a commutative diagram
0 0
0 K C×I W 0
0 C×J P W 0
L L
0 0
i
j
e
with exact rows and columns. Observe that since L,C×I ∈ Cogen(C) and Cogen(C) =
⊥C is closed under extensions, we have P ∈ Cogen(C). Since, on the other hand,
C×J ,W ∈ Cogen(C)⊥ = (⊥C)⊥, we also have P ∈ Cogen(C)⊥. Thus, P ∈ Prod(C)
by Lemma 2.9, and the second row of the pushout diagram is the desired exact se-
quence from the statement of the proposition. 
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Now we can characterize cotilting objects essentially in terms of the conclusions
of Propositions 2.7 and 2.10, and the fact that Ext1A(C
×I , C) = 0 for all sets I.
Theorem 2.11. Let A be a Grothendieck category and C be an object in A.
Then the following conditions are equivalent:
(1) C is cotilting.
(2) C satisfies the following three conditions:
(C1) injdimC ≤ 1.
(C2) Ext1A(C
×I , C) = 0 for every set I.
(C3) For every injective cogenerator W , there is an exact sequence
0 C1 C0 W 0
where C0, C1 ∈ Prod(C).
Proof. The implication (1)⇒ (2) is clear from Propositions 2.7 and 2.10.
Suppose conversely that C satisfies conditions (C1)–(C3). By (C2) we have
Prod(C) ⊆ ⊥C and, by (C1), ⊥C is closed under subobjects. Thus Cogen(C) ⊆ ⊥C.
In order to prove the inclusion Cogen(C) ⊇ ⊥C, note that we already know by
Lemma 2.6 that Cogen(C) is a torsion-free class of a torsion pair in A. Consider
any object A ∈ ⊥C and the short exact sequence
0 T A F 0
with F ∈ Cogen(C) and T ∈ KerHomA(−, C). In order to prove that A ∈
Cogen(C), it suffices to show that T = 0. To this end, consider an injective cogen-
erator W ∈ A and the short exact sequence
0 C1 C0 W 0
from axiom (C3). Applying HomA(T,−), we obtain an exact sequence
· · · HomA(T,C0) HomA(T,W ) Ext
1
A(T,C1) · · · ,
where HomA(T,C0) = 0, and by the fact that
⊥C = ⊥Prod(C) is closed under
subobjects, also Ext1A(T,C1) = 0. It follows that HomA(T,W ) = 0 and, since W
is a cogenerator, also T = 0. This concludes the proof of the inclusion.
It remains to observe that Cogen(C) = ⊥C is generating. Consider any object
G ∈ A and an injective cogenerator W admitting a monomorphism ι : G →֒ W (if
U is any injective cogenerator, then there is a monomorphism G →֒ U×I for some
set I and we can take W = U×I). By (C3), we may consider an exact sequence
0 C1 C0 W 0
pi
with C0, C1 ∈ Prod(C), and take the pullback of π along ι,
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0 C1 C0 W 0
0 C1 P G 0 .
pi
pi′
ι′ ι
This shows that G is an epimorphic image of P and P ∈ Cogen(C). 
We conclude the section by showing that products of copies of a cotilting object
are homologically well-behaved. This implies that the definition of a 1-cotilting ob-
ject from [NSZ19, Definition 8] or [FMS17, Definition 2.1] for more general abelian
categories specializes precisely to our definition in the case of Grothendieck cat-
egories. Strictly speaking, the latter references give formally dual definitions of
so-called tilting objects, but it is remarked in both of the papers that their results
apply to the dual concept as well. In particular, we can use abstract results on the
existence of derived equivalences from [NSZ19, FMS17] (this topic will be discussed
in Section 3 as well).
We in fact prove a more general result which implies that a Grothendieck cat-
egory may have interesting full subcategories where products are exact (see e.g.
Example 6.14 below).
Proposition 2.12. Let A be a Grothendieck category and F ⊆ A torsion-free
class which contains a generator. Given any collection of objects Bi, i ∈ I, from
F⊥ and any n > 0, the n-th right derived functor of product, Rn
∏
i∈I Bi, vanishes.
Proof. First note that, by Proposition 2.7, we obtain that injdimBi ≤ 1 for all
i ∈ I. That is, Rn
∏
i∈I Bi = 0 for all n > 1.
Now fix a generator G ∈ F and for each i ∈ I, fix an injective resolution
0 Bi E
0
i E
1
i 0 .
ρi
Then HomA(G, ρi) is surjective by the assumption and so is HomA(G,
∏
i∈I ρi) ≃∏
i∈I HomA(G, ρi) since products are exact in the category of abelian groups. As
G is a generator for A, it follows that
∏
i ρi :
∏
iE
0
i →
∏
i E
1
i is an epimorphism
and R1
∏
i∈I Bi = Coker
∏
i ρi = 0. 
Corollary 2.13. Let and C ∈ A be a cotilting object. Then a product of copies
of C in A coincides with the corresponding product of copies of C in the derived
category D(A).
Proof. We apply the previous proposition to F = Cogen(C). 
3. Pure-injectivity of cotilting objects
Here we focus on a more advanced aspect of cotilting objects in Grothendieck
categories. A key ingredient of the corresponding theory for modules is that all
cotilting modules are pure-injective, [Baz03]. We will prove an analogous result
for cotilting objects in Grothendieck categories. This will allow us to characterize
which torsion-free classes are associated with cotilting objects. As a consequence,
we recover a first version of a classification for locally Noetherian Grothendieck
categories from [BK03, PS15] and, in the next section, we prove that a cotilting
object in a Grothendieck category induces a derived equivalence to another abelian
category which is again a Grothendieck category.
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The first obstacle on the way is that there seems to be no consensus on what
the definition of a pure-injective object is for a general Grothendieck category (the
definition using pure exact sequences does not apply for a Grothendieck category
need not be locally finitely presentable). We use as the definition a characterization
of pure-injectivity for modules from [JL89, Theorem 7.1 (vi)].
Definition 3.1. An object C in a Grothendieck categoryA is pure-injective if, for
each index set I, the summing map Σ: C⊕I → C (whose all components Σ◦ιi : C →
C, i ∈ I, are the identity maps on C) extends to a homomorphism Σ: C×I → C.
Although this is a rather elementary intrinsic definition of pure-injectivity, it will
be useful to give a characterization in terms of pure-injectivity of certain modules.
We will do so via the Gabriel-Popescu theorem, a version of which we first recall.
Proposition 3.2 ([Ste75, §X.4]). Let A be a Grothendieck category with a gen-
erator G and put R = EndA(G). Then the functor H = HomA(G,−) : A → Mod-R
is fully faithful and has an exact left adjoint T ,
Mod-R ⊥ A .
T
H
In particular, the adjunction counit ε : TH → 1A is a natural equivalence and
H identifies A with an extension closed reflective subcategory of Mod-R, where the
adjunction unit η : 1Mod-R → HT provides the reflections.
Clearly, T preserves all colimits and finite limits in A, but it need not preserve in-
finite products. However, the following easy observation shows that it does preserve
at least certain products.
Lemma 3.3. Suppose that we are in the situation of Proposition 3.2. IfMi, i ∈ I,
is a family of R-modules in the essential image of H , then the canonical morphism
T (
∏
iMi)→
∏
i T (Mi) is an isomorphism.
Proof. Let ImH ⊆ Mod-R denote the essential image of H . The lemma follows
from the fact that T is an inverse of the category equivalence H : A → ImH and
that products in ImH are also products in Mod-R. 
Now we can characterize pure-injectivity as follows.
Proposition 3.4. Let A be a Grothendieck category and C ∈ A. Then the fol-
lowing are equivalent:
(1) C is pure-injective in A.
(2) There is a generator G ∈ A such that HomA(G,C) is a pure-injective right
EndA(G)-module.
(3) HomA(G,C) is a pure-injective EndA(G)-module for each generator G ∈ A.
Proof. Let G ∈ A be a generator ofA, R = EndA(G), and consider the fully faithful
functor H = HomA(G,−) : A → Mod-R. If I is any set and we denote M = H(C),
we have a commutative square
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M⊕I M×I
H(C⊕I) H(C×I) .
η′ ≃
The horizontal morphisms are the canonical ones, while the vertical ones are the
compositions of the unit of the adjunction with the isomorphisms HT (M⊕I) →
H((TM)⊕I) ∼= H(C⊕I) and HT (M×I) → H((TM)×I) ∼= H(C×I), respectively.
In particular, η′ is an ImH-reflection and HomA(η
′,M) is an isomorphism.
Now Σ ∈ HomA(C⊕I , C) factorizes through C⊕I →֒ C×I if and only if H(Σ)
factorizes through the lower horizontal map of the square if and only if the summing
map Σ′ : M⊕I →M factorizes through the upper horizontal map of the square.
The latter condition characterizes pure-injectivity ofM as anR-module by [JL89,
Theorem 7.1 (vi)] and the argument clearly does not depend on the choice of the
generator G. 
Our next concern is to prove that cotilting classes are closed under taking direct
limits. We first introduce a special kind of direct limits.
Definition 3.5. Let I be a set, (Fi | i ∈ I) be a family of objects of a Grothendieck
category A and κ be an infinite cardinal number. A κ-bounded product
∏<κ
i∈I Fi is
defined as the direct limit lim
−→J⊆I
∏
j∈J Fj , where J runs over all subsets of I of
cardinality< κ and the maps in the direct system are the canonical split embeddings∏
j∈J Fj →֒
∏
j∈J′ Fj for each J ⊆ J
′ ⊆ I.
Clearly, the bounded product
∏<κ
i∈I Fi canonically embeds into the usual product∏
i∈I Fi. The factor
∏
i∈I Fi/
∏<κ
i∈I Fi is called the κ-reduced product.
When all Fα are equal to a single object F , we will speak of κ-bounded and
κ-reduced powers of F , respectively. If κ is clear from the context, we will denote
these by F⊠I and F×I/F⊠I , respectively.
If κ = ℵ0, the bounded product
∏<ℵ0
i∈I Fi coincides with the usual direct sum⊕
i∈I Fi. If A is a module category, the bounded product
∏<κ
i∈I Fi can be described
as the submodule of
∏
i∈I Fi formed by the elements with < κ non-zero components.
We will employ the following relation between reduced products and direct limits
which is essentially a special case of [Pre09, Theorem 3.3.2].
Proposition 3.6. Let A be a Grothendieck category, κ be an infinite regular
cardinal, (Fα, fαβ : Fα → Fβ | α < β < κ) be a direct system in A indexed by κ
and put F =
∏
α<κ Fα. Then there is an embedding into the κ-reduced product F ,
lim
−→
α<κ
Fα
∏
α<κ
F×κ/F⊠κ.
Proof. We can transfer the problem to a module category thanks to Proposition 3.2.
Let Mα = H(Fα) for each α < κ and M = H(F ) ≃
∏
α<κMα. Then we have
embeddings (even pure embeddings)
lim
−→
α<κ
Mα
∏
α<κ
Mα/
∏
α<κ
<κMα M
×κ/M⊠κ
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inMod-R, where the first one is obtained from (the proof of) [Pre09, Theorem 3.3.2]
and the second one is induced by the product map
∏
α<κ ια :
∏
α<κMα →֒ M
×κ
of the split embeddings ια : Mα →֒M .
Since T : Mod-R → A is exact, preserves all colimits and, by Lemma 3.3, also
products of copies the module M , we obtain the embedding from the statement
simply by an application of T . 
Corollary 3.7. Given a Grothendieck category A and a class of objects F ⊆ A
closed under products and subobjects, F is closed under taking direct limits if and
only if the following holds:
Given an infinite regular cardinal κ and an object F ∈ F , the κ-reduced power
M×κ/M⊠κ belongs to F .
Proof. The ‘if’ part is clear since we can express the κ-reduced power of F as
lim
−→α<κ
F×(κ\α).
Conversely, if F is closed under subobjects, products and the reduced powers
as above, Proposition 3.6 implies that it is also closed under direct limits of well
ordered chains indexed by infinite regular cardinals. Then F is in fact closed under
direct limits of all well-ordered chains, for any such chain indexed by a limit ordinal
λ has a cofinal subchain indexed by κ = cf(λ), the cofinality of λ, and κ is known
to be an infinite regular cardinal. It follows from (the proof of) [AR94, Corollary
1.7] that F is closed under all direct limits. 
Since any cotilting class F = Cogen(C) is a torsion-free class, we have reduced
the original problem to proving that cotilting classes are closed under certain re-
duced powers. To that end, we use the following result which comes from [Baz03]
for the case κ = ℵ0 and from [Sˇt’o06] for a general κ.
Proposition 3.8. Let A be a Grothendieck category, F ∈ A be an object and κ
be an infinite regular cardinal. Then there exist arbitrarily large cardinal numbers
λ such that there is an exact sequence
0 F⊠λ E P⊕2
λ
0 ,
where F⊠λ is the κ-bounded product of λ copies of F , F⊠λ ⊆ E ⊆ F×λ, and
P = F×κ/F⊠κ is the κ-reduced product of κ copies of F .
Proof. We again use Proposition 3.2 and put M = H(F ). A construction of such
an exact sequence for M ∈ Mod-R in place of F is given in the proof of [Sˇt’o06,
Lemma 7], and then we apply T to transfer this exact sequence back to A. 
Now we can prove the main result of the section.
Theorem 3.9. Let A be a Grothendieck category, C ∈ A be a cotilting object
and F = Cogen(C) = ⊥C the associated cotilting class (Definition 2.4). Then C is
pure-injective and F is closed under direct limits in A.
Proof. Once we prove that F is closed under direct limits, the pure-injectivity of
C will follow. Indeed, in that case
C×I/C⊕I = lim
−→
F⊆I
C×(I\F ) ∈ F ,
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where F runs over all finite subsets of I, and hence every morphism C⊕I → C
extends to a morphism C×I → C.
In view of Corollary 3.7, we only need to prove that given F ∈ F , we have that
P = F×κ/F⊠κ, the κ-reduced product of κ copies of F , lies in F . To this end,
we will use a variant of the argument from [Baz03, Proposition 2.5] and [Sˇt’o06,
Lemma 7] (the method can be traced back to [Hun76]).
Let λ ≥ κ be an infinite cardinal number for which there exists an exact sequence
from Proposition 3.8 and such that λ ≥ |HomA(F×µ, C)| for each µ < κ. Since each
morphism F⊠λ → C is, by the universal property of the defining colimit, uniquely
determined by its compositions with the embeddings F×J →֒ F⊠λ, where J ⊆ λ
and |J | < κ, and there are at most λκ ≤ (2λ)κ = 2λ×κ = 2λ such embeddings, we
have ∣∣∣HomA(F⊠λ, C)∣∣∣ ≤ 2λ × λ = 2λ.
If we on the other hand apply HomA(−, C) to the exact sequence from Proposi-
tion 3.8 and use Remark A.5, we obtain an exact sequence
HomA(F
⊠λ, C) Ext1A(P,C)
×2λ Ext1A(E,C) .
Since E ⊆ F×λ ∈ F , we have Ext1A(E,C) = 0, so the group Ext
1
A(P,C)
×2λ is an
epimorphic image of HomA(F
⊠λ, C). Now if Ext1A(P,C) 6= 0, we would have∣∣∣Ext1A(P,C)×2λ ∣∣∣ ≥ 22λ ,
which is more than the cardinality of HomA(F
⊠λ, C). Thus Ext1A(P,C) = 0 and
P = F×κ/F⊠κ ∈ F , as required. 
Our application of the latter theorem is the following description of which torsion-
free classes are associated with cotilting objects. This (together with Theorem 4.5
in the next section) extends [PS15, Proposition 5.7] to all Grothendieck categories.
Theorem 3.10. Let A be a Grothendieck category. Then the following are equiv-
alent for a full subcategory F ⊆ A:
(1) F is a cotilting class associated with a cotilting object.
(2) F is a torsion-free class in G which contains a generator and is closed under
direct limits.
The implication (1)⇒(2) is an immediate consequence of Theorem 3.9. Our main
technical tool to prove the other implication, and in particular to construct corre-
sponding cotilting objects, is a result on covering classes in Grothendieck categories
(this implication is in fact already included in [PS15, Proposition 5.7], but we give
a more direct construction of the cotilting objects which we later use in Section 6).
Given a class of objects F in a category A and X ∈ A, an F-precover of X is a
morphism f : F → X such that HomA(F ′,f) is surjective for each F ′ ∈ F . An F -
precover f : F → X is an F-cover provided that each endomorphism g : F → F such
that fg = f is necessarily an automorphism. The class F is called (pre)covering if
each X ∈ A has an F -(pre)cover. Given a full subcategory X of a Grothendieck
category A, we will denote by Lim−−→X the class of all direct limits of objects in X .
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Proposition 3.11 ([EB06, Theorem 3.2]). Let A be a Grothendieck category and
F ⊆ A be a class of objects closed under direct sums and direct limits. Suppose
that there is a set S ⊆ F such that F = Lim−−→S. Then F is a covering class.
If F is extension closed and generating, we can use the following lemma which
is originally due to Wakamatsu [Wak88].
Lemma 3.12 ([GT12, Lemma 5.13]). Let A be an abelian category, F ⊆ A be
a generating class closed under extensions and let f : F → A be an F -cover of an
object A ∈ A. Then f is an epimorphism and Ext1A(F ,Ker f) = 0.
Proof of Theorem 3.10. In view of Theorem 3.9, it remains to prove that given a
torsion-free class F ⊆ A which contains a generator and is closed under direct limits,
it is associated to a cotilting object C ∈ A. Note that under these assumptions,
there is a set S ⊆ F such that F = Lim−−→S. Indeed, fix a generator G ∈ A and let
S ⊆ F be the set of all quotients of finite coproducts of G that are in F . Then for
F ∈ F and an epimorphism G⊕I → F , lettting FI0 := Im (G
⊕I0 →֒ G⊕I → F ) for
each finite subset I0 ⊆ I yields a direct system of objects from S with lim−→I0
FI0 = F .
Thus, F ⊆ Lim−−→S, and the converse inclusion follows from F being closed under
direct limits.
The construction of the cotilting module is very similar to the one in [GT12,
Theorem 15.22]. Let W be an injective cogenerator of A and consider an exact
sequence
ε : 0 C1 C0 W 0 ,
pi
where π is an F -cover. Then C1 ∈ F⊥ by Lemma 3.12 and C0 ∈ F⊥ as F⊥ is
closed under extensions. We put C = C0 ⊕ C1 and observe (using Corollary A.3)
that
Prod(C) ⊆ F ∩ F⊥ and Cogen(C) ⊆ F ⊆ ⊥C .
Suppose further that A ∈ ⊥C. We use the same method as in the proof of
Theorem 2.11 to show that A ∈ Cogen(C). Indeed, Cogen(C) is a torsion-free class
in A by Lemma 2.6, so we have an exact sequence
0 T A F 0
with F ∈ Cogen(C) and T ∈ KerHomA(−, C). Since also injdimC ≤ 1 by Propo-
sition 2.7, we also have T ∈ ⊥C and application of HomA(T,−) to the sequence ε
yields an exact sequence
0 = HomA(T,C0) HomA(T,W ) Ext
1
A(T,C1) = 0 .
It follows that T = 0 and A ≃ F ∈ Cogen(C). Thus, F = Cogen(C) = ⊥C and
C is a cotilting object. 
In the locally Noetherian case, we obtain a classification of cotilting torsion-
free classes in a locally Noetherian category via torsion pairs of Noetherian ob-
jects, which recovers [PS15, Corollary 5.13]. An almost identical result appeared
in [BK03, Theorem 1.13], but with a somewhat different definition of a cotilting
object (we were not able to recover the result without replacing (C3) from [BK03]
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by the slightly stronger condition in Theorem 2.11 (2) (C3), but on the other hand
we proved in Theorem 3.9 that condition (C4) from [BK03] was superfluous). A
special case for module categories of (one-sided) Noetherian rings was also ob-
tained in [AHPSˇT14, Proposition 2.6]. Geometric consequences for categories of
quasi-coherent sheaves will be discussed later in Sections 5 and 6.
Theorem 3.13. Let A be a locally Noetherian Grothendieck category and A0
be the full subcategory of Noetherian objects. Then torsion-free classes F in A
associated to a cotilting object bijectively correspond to the torsion pairs (T0,F0)
in A0 for which F0 is a generating class (i.e. each object of A0 is a quotient of an
object of F0). The correspondence is given by
F 7→ F ∩ A0 and (T0,F0) 7→ Lim−−→F0.
In order to prove the result, we first make precise the relation of torsion pairs in
A0 to torsion pairs in A.
Lemma 3.14. Let A be a locally Noetherian category and let A0 be the full
subcategory of Noetherian objects.
(1) If (T ,F) is a torsion pair in A, then (T ∩ A0,F ∩ A0) is a torsion pair in A0.
(2) If (T0,F0) is a torsion pair in A0, then (Lim−−→T0,Lim−−→F0) is a torsion pair in A.
Moreover, these assignments yield a bijective correspondence between the class of
all torsion pairs in A0, and the class of those torsion pairs (T ,F) in A for which F
is closed under direct limits. Furthermore, F0 is generating (in A0 or in A) if and
only if the corresponding class F contains a generator for A.
Proof. Part (1) is clear since the torsion and the torsion-free part of a Noetherian
object are both Noetherian. A proof of part (2) can be found in [CB94, §4.4]
(the distinction between direct limits here and filtered colimits used in [CB94] is
inessential thanks to [AR94, Theorem 1.5]).
In order to prove that we have the bijective correspondence, observe first that
T0 = A0 ∩Lim−−→T0 and F0 = A0 ∩Lim−−→F0 (see for instance [CB94, §4.1]). Note that
the class Lim−−→F0 can be described as
Lim−−→F0 = KerHomA(T0,−) =
⋂
T∈T0
KerHomA(T,−).
Since T0 consists of Noetherian, hence finitely presented objects only, it follows that
Lim−−→F0 is always closed under taking direct limits.
If, on the other hand, (T ,F) is a torsion pair in A with F closed under direct
limits and if (T0,F0) is its restriction to A0, then clearly Lim−−→T0 ⊆ T and Lim−−→F0 ⊆
F . It follows from part (2) and Lemma 2.3 that Lim−−→T0 = T and Lim−−→F0 = F .
Finally, note that if G ∈ F is a generator, then the set of all noetherian subob-
jects of G is a generating subset of F0 = F ∩A0, and conversely, if F0 is generating,
A having a set of noetherian generators implies that one can choose a set S ⊆ F0
that is generating; then
⊕
X∈S X is a generator in F . 
Proof of Theorem 3.13. Lemma 3.14 implies that the assignment F 7→ F ∩ A0
from Theorem 3.13 is injective since F can be reconstructed as Lim−−→ (F ∩A0). The
surjectivity follows from Theorem 3.10 together with Lemma 3.14 since Lim−−→F0 is
always associated with a cotilting object (and F0 = A0 ∩ Lim−−→F0). 
16 PAVEL CˇOUPEK AND JAN SˇTˇOVI´CˇEK
4. Derived equivalences
Now we turn to derived equivalences. Most of the material in this section is rather
standard nowadays, with one notable exception: we prove that a cotilting object
in a Grothendieck category induces a derived equivalence to another Grothendieck
category. This uses pure-injectivity of cotilting objects in a crucial way.
We first summarize the essentials of tilting theory for torsion pairs. Given a
torsion pair (T ,F) in an abelian category A, there is a procedure, worked out
in [HRS96, BvdB03] and also treated in [CGM07, Noo09, SˇKT11], to construct
another abelian category H.
Proposition 4.1 ([HRS96, §1.3] and [BvdB03, §§5.3–5.4]). Let A be an abelian
category, (T ,F) a torsion pair in A, D(A) the (unbounded) derived category of A
with the suspension functor Σ, and put
H = {X ∈ D(A) | H0(X) ∈ F , H1(X) ∈ T and Hi(X) = 0 for i 6= 0, 1} .
Then H is itself an abelian category with a torsion pair (F ,Σ−1T ). If, moreover,
F is a generating class in A (i.e. each object of A is a quotient of an object of F),
then F is a cogenerating class in H and the embedding H ⊆ D(A) extends to an
exact equivalence
D(H) D(A) .≃
Definition 4.2. The category H from the proposition is called tilted from A in
the sense of Happel, Reiten and Smalø (or HRS-tilted for short).
We also record a few standard facts which are very useful for computations in
HRS-tilted categories.
Lemma 4.3. Let A be an abelian category, (T ,F) a torsion pair such that F is
generating, and H the HRS-tilted category. Given T, T ′ ∈ T , F, F ′ ∈ F and n ≥ 0,
we have isomorphisms
(1) ExtnH(Σ
−1T,Σ−1T ′) ≃ ExtnA(T, T
′),
(2) ExtnH(F, F
′) ≃ ExtnA(F, F
′),
(3) ExtnH(Σ
−1T, F ′) ≃ Extn+1A (T, F
′) and
(4) Extn+1H (F,Σ
−1T ′) ≃ ExtnA(F, T
′).
Moreover, a sequence of the form 0→ F → F ′′ → F ′ → 0 is exact in A if and only
if it is exact in H.
Proof. Using the derived equivalence D(H) ≃ D(A) from Proposition 4.1, we have
isomorphisms
ExtnH(Σ
−1T,Σ−1T ′) ≃ HomD(H)(Σ
−1T,Σn−1T ′) ≃
≃ HomD(A)(T,Σ
nT ′) ≃ ExtnA(T, T
′) .
The other isomorphisms are proved in a similar way.
If ε : 0→ F
i
→ F ′′
p
→ F ′ → 0 is short exact either in A or in H, we have F ′′ ∈ F
and a triangle
F F ′′ F ′ ΣFi
p [ε]
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in D(A) or D(H), respectively. Thanks to the derived equivalence, we have the same
triangle in the other derived category and, hence, the same short exact sequence in
the other abelian category. 
Now we can make precise what role cotilting objects play in the HRS-tilted
category (see [PS15, proof of Proposition 5.7] for analogous considerations and
[CGM07, Proposition 3.8] for a version of the result if A is a module category).
Proposition 4.4. Let A be a Grothendieck category, (T ,F) a torsion pair with
F generating, andH the HRS-tilted category. Then the following hold for an object
C ∈ H:
(1) C is injective in H if and only if C ∈ F and Ext1A(F , C) = 0.
(2) C is an injective cogenerator of H if and only if C is a cotilting object in
A with F = Cogen(C).
Proof. (1) If C is injective in H, it is a summand of an object in F since F is
cogenerating inH. In particular, C ∈ F . Moreover, C ∈ F⊥ inA by Lemma 4.3 (2).
Conversely, if C ∈ F ∩ F⊥ in A, then the injective dimension of C in A is at
most one by Proposition 2.7. Moreover,
Ext1H(F , C) = 0 and Ext
1
H(Σ
−1T , C) ≃ Ext2A(T , C) = 0
by Lemma 4.3 (2) and (3). It follows that C is injective in H since each X ∈ H is
an extension in H of an object of F by an object of Σ−1T .
(2) Suppose first that C ∈ A is a cotilting object associated with F . Since
each product of copies of C in A coincides with the corresponding product in
D(A) ≃ D(H) by Corollary 2.13, we have Prod(C) ⊆ H. In particular, arbitrary
products of copies of C exist in H and agree with the ones in A. Moreover, Prod(C)
consists of injective objects by part (1) and each object of F is a subobject in H of
a product of copies of C by Lemmas 2.8 and 4.3. Since F is itself a cogenerating
class in H, C is an injective cogenerator of H.
Conversely, let C ∈ H be an injective cogenerator in H. We know from part (1)
that C ∈ F ∩F⊥ in A and the injective dimension of C in A is at most one. Since
F is a torsion-free class in A, we have Cogen(C) ⊆ F ⊆ ⊥C in A.
We first show that F = ⊥C. Suppose now that A ∈ ⊥C in A and consider an
exact sequence 0 → T → A → F → 0 induced by the torsion pair (T ,F). Then
T ∈ ⊥C in A since C has injective dimension at most one and
HomH(Σ
−1T,C) ≃ Ext1A(T,C) = 0
thanks to Lemma 4.3 (3). Since C is assumed to be a cogenerator in H, we have
T = 0 and A ≃ F ∈ F .
Finally, we show that also Cogen(C) = F . It follows from Lemma 2.6 that
Cogen(C) is a torsion-free class in A with the torsion class given by
T ′ = {T ∈ A | HomA(T,C) = 0}
Suppose now that A ∈ F and consider an exact sequence 0 → T ′ → A → F ′ → 0
induced by the torsion pair (T ′,Cogen(C)). Then T ′ ∈ F and
HomH(T
′, C) ≃ HomA(T
′, C) = 0
thanks to Lemma 4.3 (2). Since C is assumed to be a cogenerator in H, we have
T ′ = 0 and A ≃ F ′ ∈ Cogen(C). 
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We conclude the section with a theorem which explains the role of cotilting
objects in Grothendieck categories from the point of view of derived equivalences
and which generalizes results from [Col99], [CGM07, §3] and [PS15, §5].
Theorem 4.5. Let A be a Grothendieck category, (T ,F) be a torsion pair in A
such that F contains a generator and let H be the HRS-tilted abelian category.
Then the following are equivalent:
(1) H is a Grothendieck category.
(2) H has an injective cogenerator.
(3) F = Cogen(C) = ⊥C is associated with a cotilting object C ∈ A.
Proof. (1)⇒(2) This is well known, see for instance [Ste75, Corollary X.4.3].
(2)⇒(3) This is immediate from Proposition 4.4 (2).
(3)⇒(1) We will use a similar argument as in the proof of [Sˇt’o14, Theorem 6.2].
We know from Proposition 4.4 and Lemma 2.9 that the category of injective objects
of H is equivalent to Prod(C). Furthermore, it is a standard fact that if H and H′
are two abelian categories with enough injective objects and the corresponding full
subcategories of injective objects are equivalent, then also H ≃ H′. This follows
for instance from [ARS97, Proposition IV.1.2], where an argument is given for the
dual situation of abelian categories with enough projective objects.
We will now construct a Grothendieck category H′ with the full subcategory of
injective objects equivalent to Prod(C). It will follow from the above that H ≃ H′
is also a Grothendieck category.
To this end, let G ∈ A be a generator, R = EndA(G) and C′ = HomA(G,C) ∈
Mod-R. Then C′ is a pure-injective R-module by Theorem 3.9 and Proposition 3.4.
Moreover, it follows from Proposition 3.2 that H induces an equivalence
Prod(C) ≃ Prod(C′) .
Let now B be the category of all additive functors R-mod → Ab, where R-mod
is the category of finitely presented left R-modules. This is a locally coherent
Grothendieck category and the functor
T : Mod-R −→ B,
M 7−→ (M ⊗R −)|R-mod,
is fully faithful, preserves products and sends pure-injective modules to injective
objects of B; see [JL89, Theorem B.16]. In particular, if we put C′′ = T (C′) ∈ B,
we have an equivalence
Prod(C) ≃ Prod(C′′) .
As now C′′ ∈ B is an injective object, we have a hereditary torsion pair (T ′,F ′)
in B, where T ′ = KerHomB(−, C′′) and F ′ = Cogen(C′′). By definition, Prod(C′′)
is precisely the class of torsion-free injective objects in B with respect to this torsion
pair. Now we can take the Gabriel quotient H′ = B/T (see [Gab62, §III] or [Pre09,
§11.1]). This is a Grothendieck category whose category of injective objects is
equivalent to Prod(C) by [Gab62, Proposition III.4.9 and Corollaire III.3.2] or
[Ste75, §§X.1 and X.2]. 
5. Torsion pairs in categories of sheaves
Now we aim at specializing to categories of quasi-coherent sheaves on Noetherian
schemes. This section is devoted to the description of suitable torsion pairs in the
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categories of coherent and quasi-coherent sheaves. This is in view of Theorem 3.13
a key step for a classification of cotilting classes in QCohX , but Theorem 5.11 on
torsion pairs in the category of coherent sheaves seems to be of interest on its own.
For a Noetherian schemeX , there is a standard classification result for hereditary
torsion pairs in QCohX due to Gabriel. We recall this result now, along with a
proof. The reason for including the proof, which is in some aspects more direct
than the original one, is twofold: it allows us to describe the corresponding torsion-
free classes more directly and some parts of the argument will be useful in the
subsequent discussion.
Throughout this section, we make use of the results from Appendix B, where
the classification of injective quasi-coherent sheaves on a Noetherian scheme is sum-
marized and the theory of associated points of quasi-coherent sheaves is recalled.
Here let us just introduce the following notation: for a point x on a Noetherian
scheme X , denote by J (x) the unique injective indecomposable quasi-coherent
sheaf whose support is {x} (see the beginning of B.1 for a detailed construction).
Definition 5.1. Let X be a topological space. A subset Y ⊆ X is specialization
closed if {y} ⊆ Y for every y ∈ Y . Alternatively, a set is specialization closed if it
is a union of closed subsets.
Proposition 5.2 ([Gab62, §VI.2]). Let Y ⊆ X be a specialization closed subset.
Define
T (Y ) ={T ∈ QCohX | SuppT ⊆ Y },
F(Y ) ={F ∈ QCohX | AssF ∩ Y = ∅}.
Then the pair (T (Y ),F(Y )) is a hereditary torsion pair in QCohX .
Moreover, there is a bijective correspondence between hereditary torsion pairs
in QCohX and specialization closed subsets of X , given by the assignments
(T ,F) 7→ Supp T and Y 7→ (T (Y ),F(Y )).
Proof. The class T (Y ) is closed under arbitrary direct sums, subobjects, quotients
and extensions by Corollary B.7 (4) and (5). It follows from Remark 2.2 (2) that
T (Y ) is a hereditary torsion class in QCohX .
Next we show that HomX(T (Y ),F(Y )) = 0. Indeed, if f : T −→ F is a mor-
phism with T ∈ T (Y ), F ∈ F(Y ), then Im f ∈ T (Y ) ∩ F(Y ). In particular,
Ass Im f ⊆ Supp Im f ⊆ Y and Ass Im f ⊆ AssF ⊆ X \ Y , hence Ass Im f = ∅. It
follows by Corollary B.7 (3) that Im f = 0.
To prove that (T (Y ),F(Y )) is a torsion pair, it remains to show that if F is
a quasi-coherent sheaf on X such that HomX(T ,F ) = 0 for all T ∈ T (Y ), then
F ∈ F(Y ). Equivalently, we must show that whenever F is a quasi-coherent sheaf
with AssF ∩ Y 6= ∅, there is a quasi-coherent sheaf T with SuppT ⊆ Y and a
nonzero morphism T −→ F . However, this is immediate from Proposition B.12.
Clearly for any hereditary torsion pair (T ,F) in QCohX , the set Supp T is spe-
cialization closed (if F is a quasi-coherent sheaf with Fx 6= 0 and y ∈ {x}, then
Fx = Fy ⊗OX,y OX,x, so Fy 6= 0). This shows that both the assignments in the
statement are well-defined.
If we start with a specialization closed subset Y ⊆ X , then clearly Supp T (Y ) ⊆
Y . Since for any x ∈ Y , there exists a coherent sheaf F with SuppF = {x}, we
in fact have Supp T (Y ) = Y .
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It remains to prove that given any hereditary torsion pair in (T ,F) in QCohX
and Y = Supp T , we have that T = T (Y ) and F = F(Y ). Clearly T ⊆ T (Y ), so
by Lemma 2.3, it suffices to show that F ⊆ F(Y ). In other words, we must prove
that Y ∩ AssF = ∅. Suppose that this is not the case, that is, that there exists
x ∈ Y and F ∈ F with x ∈ AssF . As F is closed under injective envelopes by
[Ste75, VI.3.2], we can use Corollary B.10 to replace F by E(F ). Since J (x) is a
direct summand of E(F ) by Lemma B.9, we also have J (x) ∈ F . However, if we
choose any T ∈ T with Tx 6= 0, then
HomX (T ,J (x)) = HomX
(
T , i∗
(
E˜x
))
≃
≃ HomSpecOX,x
(
i∗ (T ) , E˜x
)
≃ HomOX,x(Tx, Ex) 6= 0 ,
since Ex is an injective cogenerator of Mod-OX,x. This contradicts the assumption
that (T ,F) is a torsion pair and finishes the proof. 
Corollary 5.3. Let X be a Noetherian scheme. Then every hereditary torsion-
free class in QCohX is closed under direct limits.
Proof. In view of Proposition 5.2, it is enough to show that the classes of the form
F(Y ) (for Y specialization closed) are closed under direct limits. This is, however,
an immediate consequence of Lemma B.8. 
Now we easily obtain an analogous classification of hereditary torsion pairs in
CohX .
Proposition 5.4. For a Noetherian scheme X , there is a bijective correspondence
between hereditary torsion pairs in CohX and specialization closed subsets Y ⊆ X ,
given by the assignments
(T0,F0) 7→ Supp T0 and Y 7→ (T0(Y ),F0(Y )),
where T0(Y ) = {T ∈ CohX | SuppT ⊆ Y } and F0(Y ) = {F ∈ CohX | AssF ∩
Y = ∅}.
Proof. In view of Proposition 5.2 and Lemma 3.14, it only remains to observe that a
torsion pair (T0,F0) in CohX is hereditary if and only if (T ,F) = (Lim−−→T0,Lim−−→F0)
is hereditary in QCohX . To this end, if T is closed under taking subsheaves, so
is clearly T0 = T ∩ CohX . On the other hand, each T ∈ T is a direct union
T =
⋃
i∈I Ti of its coherent subsheaves belonging to T0. If T0 is closed under
taking subsheaves and S ⊆ T , then S =
⋃
i∈I(S ∩ Ti) ∈ T . 
If X is Noetherian and affine, then in fact each torsion pair in CohX is hereditary
by [AHPSˇT14, Proposition 2.5], so we have a full classification of all torsion pairs in
this case. In the non-affine situation, there may exist non-hereditary torsion pairs.
Example 5.5. Let X = P1k = Projk[x0, x1] be a projective line over a field and
let T0 ⊆ CohX be the smallest class containing the structure sheaf OX and closed
under extensions and quotients. This is a torsion class by Remark 2.2 (2) and
O(−1) belongs to the corresponding torsion-free class F0 since it has no global
sections. However, there is an inclusion O(−1) →֒ OX , so T0 is not hereditary.
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The reason is that hereditary torsion pairs have a very geometric meaning. To
elucidate this, we give the following definition, which encodes a natural compati-
bility of the notion of torsion pairs and the underlying geometry.
Definition 5.6. Let X be a Noetherian scheme. We say that a torsion pair
(T ,F) in CohX is locally compatible if a stronger version of Definition 2.1 (1) holds:
HomX(T ,F) = 0.
Remark 5.7. If X = SpecR is affine, then any torsion pair is locally compatible
since then HomX(M˜, N˜) ≃ H˜omR(M,N) for each pair M,N of finitely generated
R-modules. On the other hand, the torsion pair from Example 5.5 is not locally
compatible since OX(U) ≃ O(−1)(U) for each open affine subset U ⊆ P1k.
Using the adjunction between ⊗ and HomX , one can reformulate local compat-
ibility to another condition, which was used for instance in Thomason’s classifica-
tion [Tho97] of localizing subcategories in the perfect derived category of X .
Definition 5.8. Let X ⊆ CohX be a full additive subcategory. Then X is a tensor
ideal if G ⊗F ∈ X for each G ∈ CohX and F ∈ X .
Lemma 5.9. Let X be a Noetherian scheme. Then a torsion pair (T0,F0) in
CohX is locally compatible if and only if T0 is a tensor ideal.
Proof. This is purely formal. Suppose that the torsion pair is locally compatible
and let T ∈ T0 = KerHomX(−,F0) be a torsion object and G ∈ CohX any
coherent sheaf. Then, using the standard adjunction, we have
HomX(G ⊗T ,F ) ≃ HomX (G ,Hom(T ,F )) = 0
for each F ∈ F0. Thus G ⊗T ∈ T0.
For the ’if’ part, suppose there exist T ∈ T0 and F ∈ F0 with HomX(T ,F ) 6=
0. If we put G = HomX(T ,F ), there is certainly a non-zero morphism
G −→ HomX(T ,F ).
By the adjunction again, we obtain a non-zero morphism
G ⊗T −→ F ,
hence the torsion class T0 is not a tensor ideal. 
In the sequel, we put more emphasis on the torsion-free class F0 rather than on
the torsion class T0. We cannot in general expect F0 to be a tensor ideal since it is
typically not closed under taking cokernels, but quite often it turns out to be closed
under tensoring by line bundles. In that context, the following definition is useful.
Definition 5.10. (1) We say that a schemeX has an ample family of line bundles
if there are global sections fi of line bundles Li, i ∈ I, such that the sets
D(fi) = {x ∈ X | fi(x) 6= 0}, i ∈ I form an affine open cover of X .
(2) We say that a scheme X has the resolution property if every coherent sheaf is
an epimorphic image of a vector bundle (i. e. a locally free sheaf of finite rank).
A Noetherian scheme X which has an ample family of line bundles has the
resolution property, which was proved by S. Kleiman and M. Borelli in [Bor67],
and independently by L. Illusie in [Ill71]. In such a case, every coherent sheaf is
in fact a factor of a finite direct sum of negative tensor powers of the line bundles
Li. Since any quasi-coherent sheaf is a direct union of its coherent subsheaves, the
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negative tensor powers of the line bundles Li form a set of generators for QCohX
as well. The above properties are satisfied for a large class of Noetherian schemes,
e.g. for quasi-projective schemes over affine schemes. See [TT90, section 2.1] for
more detailed discussion.
Now we can state and prove the main result of the section.
Theorem 5.11. Let X be a Noetherian scheme and (T0,F0) be a torsion pair in
CohX . Then the following are equivalent:
(1) (T0,F0) is hereditary,
(2) (T0,F0) is locally compatible (Definition 5.6),
(3) T0 is a tensor ideal (Definition 5.8).
If, moreover, X has an ample family of line bundles, these are further equivalent
to
(4) L ⊗F ∈ F0 for each line bundle L and each F ∈ F0.
Proof. (1)⇒(2) If (T0,F0) is hereditary, it is of the form (T0(Y ),F0(Y )) for a spe-
cialization closed Y ⊆ X by Proposition 5.4, and hence clearly locally compatible
since both the torsion and torsion-free class are defined by conditions on stalks.
(2)⇒(1) Let us assume that (T0,F0) is locally compatible and put Y = Supp T0.
We first claim that Y ∩ AssF0 = ∅. Indeed, suppose that we have F ∈ F0 and
x ∈ AssF . If T ∈ T0, then
HomOX,x(Tx,Fx) ∼= HomX(T ,F )x = 0.
Since κ(x) →֒ Fx, we also have HomOX,x(Tx, κ(x)) = 0, so Tx = 0 by the
Nakayama lemma. It follows that x 6∈ Supp T0 and the claim is proved.
It follows that T0 ⊆ T0(Y ) and F0 ⊆ F0(Y ). Thus T0 = T0(Y ) by Lemma 2.3,
and it is a hereditary torsion class.
(2)⇔(3) This is just Lemma 5.9.
(3)⇒(4) If T0 is a tensor ideal, clearly L ⊗T0 = T0 for each line bundle L . Since
L ⊗− is an autoequivalence of CohX , the latter is equivalent to L ⊗F0 = F0.
(4)⇒(3) Denote by Li, i ∈ I the ample family of line bundles. If (4) holds, we
see by the same token that L⊗ni ⊗ T0 = T0 for each i ∈ I and n ∈ Z. Since each
coherent sheaf G admits a surjection of the form L ⊗n1i1 ⊕ · · · ⊕ L
⊗nr
ir
→ G and
since T0 is closed under quotients and direct sums, it must be a tensor ideal. 
We conclude with a consequence for torsion-free classes in QCohX .
Corollary 5.12. Let X be a noetherian scheme with an ample family of line
bundles and let F ⊆ QCohX be a torsion-free class. The following are equivalent:
(1) F is closed under injective envelopes,
(2) F is closed under direct limits and L ⊗ F ∈ F for each line bundle L and
F ∈ F .
Proof. Note that if (1) holds, the corresponding torsion pair (T ,F) is hereditary
by [Ste75, VI.3.2] and thus, F is closed under direct limits by Proposition 5.2 and
Corollary 5.3. In particular, the torsion pair is determined in both (1) and (2)
by its restriction to CohX ; see Lemma 3.14. Now we just apply (1)⇔(4) from
Theorem 5.11. 
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6. Classification of cotilting sheaves
Let X be a fixed Noetherian scheme. The goal is to classify those cotilting
torsion-free classes in QCohX which are closed under taking injective envelopes
or, equivalently for those X which have an ample family of line bundles, under
tensoring with line bundles (recall Theorem 3.9 and Corollary 5.12).
We already know from Theorem 3.13 and Propositions 5.2 and 5.4 that a hered-
itary torsion-free class F = F(Y ) in QCohX (where Y ⊆ X is specialization closed)
is associated with a cotilting sheaf CY if and only if it contains a generator. Here
we discuss under what conditions on Y the class F(Y ) actually contains a generator
as well as the relation of the cotilting objects here to the construction of cotilting
modules in [SˇTH14] in the affine case.
In direct analogy with the affine case, it turns out that F(Y ) is generating if
and only if the set Y does not contain any associated point of the scheme X . The
following lemma proves necessity of this condition:
Lemma 6.1. Let X be a Noetherian scheme and G a generator for QCohX . Then
AssOX ⊆ AssG .
Proof. Consider an epimorphism e : G⊕I → OX , where I is some set. For a point
x ∈ X , the induced epimorphism of OX,x-modules G⊕Ix → OX,x splits and thus,
we have that
AssOX,xOX,x ⊆ AssOX,xG
⊕I
x = AssOX,xGx.
Now x ∈ AssOX means that mx ∈ AssOX,xOX,x, hence in this case we have
mx ∈ AssOX,xGx and thus, x ∈ AssG . 
Next we prove that the condition is also sufficient, by constructing a generator
G for QCohX with AssG = AssOX .
Proposition 6.2. Let X be a Noetherian scheme. Then QCohX admits a gener-
ator G with AssG = AssOX .
Proof. Fix an affine open cover X = U1 ∪ U2 ∪ · · · ∪ Uk of X , and quasi-coherent
ideals Ii ⊆ OX corresponding to the closed subschemes Zi = X \ Ui (e.g. taken
with the reduced closed subscheme structure), i = 1, 2, . . . , k.
Given a coherent sheaf F and a section s ∈ F (Ui), by Lemma B.13, there is
a positive integer n and a morphism ϕ : I ni → F such that s is in the image of
ϕ. Summing up these contributions (over all i and generating sets of F (Ui)), it
follows that there is an epimorphism of the form
⊕
i,j I
nij
i → F for some integers
nij ≥ 0.
Thus, the sheaf G =
⊕
i,n I
n
i is a generator for QCohX . Then AssG ⊆ AssOX
folows from the fact that I ni ⊆ OX for all i and n, and the converse inclusion
follows from Lemma 6.1. 
Let us now discuss how the construction of cotilting objects from Theorem 3.13
is related to the construction of cotilting modules from [SˇTH14]. Suppose that
Y ⊆ X is a specialization closed subset. Denote by I(Y ) the class of all injective
quasi-coherent sheaves E with Ass E ∩ Y = ∅. That is, I(Y ) consists of all the
injectives contained in F(Y ).
24 PAVEL CˇOUPEK AND JAN SˇTˇOVI´CˇEK
Lemma 6.3. Suppose that AssOX ∩Y = ∅. Then every F(Y )-cover f : F → J
of an injective quasi-coherent sheaf J is an epimorphism and it is also an I(Y )-
cover.
Proof. By Proposition 6.2, we may choose a generator G ∈ F(Y ). Then there is
an epimorphism g : G⊕I → J which factors through f , which shows that f is an
epimorphism.
Since F(Y ) is a hereditary torsion-free class, an injective envelope i : F → E(F )
has E(F ) ∈ I(Y ). Since J is injective, there exists a morphism h : E(F ) → J
such that f = h ◦ i. It is immediate that h is also an F(Y )-precover of J . Since a
cover is a retract of any precover ([GT12, Lemma 5.8]), F is a direct summand of
E(F ) and as such F ∈ I(Y ). 
Now recall the construction from [SˇTH14] or, to be more precise, a direct gen-
eralization of it to non-affine Noetherian schemes.
Construction 6.4. Fix a specialization closed subset Y ⊆ X that does not con-
tain any associated point of X . For each point y ∈ Y , consider an exact sequence
0 K (y) I (y) J (y) 0,
αy βy
where βy : I (y) −→ J (y) is an F(Y )-cover (recall that J (y) is the indecom-
posable injective with support {y}, see B.1). In particular, I (y) is injective by
Lemma 6.3. Define quasi-coherent sheaves
KY :=
∏
y∈Y
K (y), and JY :=
∏
x∈X\Y
J (x),
and finally, put
CY := KY ⊕JY .
Now we quickly see from Lemma 3.12 that K (y) ∈ F(Y )⊥. If we take the
product of all the above short exact sequences for all y ∈ Y together with the
trivial short exact sequence 0 → 0 → JY → JY → 0, we get an exact (by
Proposition 2.12) sequence
0 KY
∏
y∈Y
I (y)⊕JY
∏
x∈X
J (x) 0,
It follows from the proof of Theorem 3.10 that CY ⊕
∏
y∈Y I (y) is a cotilting sheaf
associated with F(Y ). Since I (y) ∈ Prod(CY ) for all y ∈ Y , it follows that also
CY is a cotilting sheaf associated with F(Y ).
Remark 6.5. The arguments for [SˇTH14, Theorems 5.3 and 5.4] generalize in
a straightforward way to our setting as well. In particular, the indecomposable
sheaves in Prod(CY ) are precisely
K (y), y ∈ Y and J (x), x ∈ X \ Y .
This in particular says that the indecomposable injectives in the HRS-tilted
abelian categoriesH (Definition 4.2) induced by the cotilting objects CY correspond
bijectively to the points of X .
We summarize the above discussion as follows.
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Theorem 6.6. Let X be a Noetherian scheme. Then the assignment
Y 7→ F(Y )
induces a bijective correspondence between
(1) the specialization closed subsets Y ⊆ X such that AssOX ∩ Y = ∅, and
(2) the hereditary torsion-free classes in QCohX associated with a cotilting sheaf.
If, moreover, X has an ample family of line bundles, then the image of the above
correspondence can be also described as
(3) the torsion-free classes F in QCohX associated with a cotilting sheaf and such
that L ⊗F = F for each line bundle L .
Proof. The first part immediately follows as a combination of Theorem 3.13 and
Propositions 5.4 and 6.2, with a description of the corresponding cotilting sheaf
given by the above discussion. The second part then follows from Theorem 3.9 and
Corollary 5.12. 
Before we proceed to examining the 1-dimensional case of the developed theory
in more detail, let us draw some consequences of Theorem 6.6 for the class of the
(“classically”) torsion-free quasi-coherent sheaves.
Recall that a module M over a Noetherian ring R is called torsion-free if for any
non-zero divisor r and anym ∈M , rm = 0 implies m = 0. In other words, any zero
divisor r ∈ R of M is a zero divisor of R or, equivalently by [BH98, Proposition
1.2.1], any associated prime of M is contained in some associated prime of R. If
we denote by Y ⊆ SpecR the largest specialization closed subset not containing
any associated prime of R (i.e. Y = X \ Z, where Z the set of all p ∈ SpecR
that specialize to an associated prime of R), it follows that the class of torsion-free
modules is precisely the hereditary torsion-free class F(Y ) given by Proposition 5.2.
In order to generalize torsion-freeness to quasi-coherent sheaves on non-affine
schemes, the latter description using the associated points is more useful as the
classical description using elements is not local in general.
Example 6.7. Suppose that M is a torsion-free R-module and p is an associated
prime of M that is not an associated prime of R. Let q1, . . . qn ∈ AssR be all the
associated primes of R that contain p and are minimal such. A particular example
of this situation is R = k[x, y, z]/(xz, yz, z2), M = R/(y, z) and (y, z) = p ⊆ q1 =
(x, y, z). Picking f ∈ (
⋂
i qi) \ p, Mf will not remain torsion-free as an Rf -module
since pf is not contained in any associated prime of Rf . Similarly, by localization
at p we see that torsion-freeness is not stalk-local either.
Definition 6.8. A quasi-coherent sheaf F on a Noetherian scheme X is called
torsion-free if every associated point x of F is a generization of an associated point
of X , or equivalently F ∈ F(Y ), where Y ⊆ X is the largest specialization closed
subset not containing any associated point of X .
Remark 6.9. Note, however, that the torsion-free condition is affine-local over
schemes with no embedded points, in which case the defining condition degenerates
into AssF ⊆ AssOX . In particular, when X is an integral Noetherian scheme, one
recovers the usual (affine-local or stalkwise) definition of torsion-free quasi-coherent
sheaves ([Sta19, Tag 0AVQ]).
26 PAVEL CˇOUPEK AND JAN SˇTˇOVI´CˇEK
The following is then an immediate consequence of Theorem 6.6, and generalizes
and supplements [Oda14, Theorem 4.7].
Corollary 6.10. Let X be a Noetherian scheme. The class of torsion-free quasi-
coherent sheaves on X is covering and generating. In fact, it is a cotilting class
which is smallest among the cotilting classes closed under injective envelopes.
Remark 6.11. Let us compare Corollary 6.10 to the case of covering and gener-
ating properties of flat sheaves (which are always torsion-free).
A scheme X is called semi-separated if the diagonal morphism ∆ : X → X×ZX
is affine, i.e. if the intersection of every pair of affine open subsets of X is again
affine. Murfet showed in [Mur07, Corollary 3.21] that on a semi-separated Noether-
ian scheme, the class of flat quasi-coherent sheaves is generating, and Enochs and
Estrada showed in [EE05] that the class is always covering. On the other hand, a
recent result in [SSˇ19] shows that semi-separatedness is also necessary for QCohX
to have a flat generator if X is Noetherian. That is, one can take epimorphic flat
covers if and only if X is semi-separated.
Corollary 6.10 then shows that in the case of Noetherian schemes that are not
necessarily semi-separated, one can still always take at least epimorphic torsion-free
covers.
We conclude the paper by discussing the developed theory in the case of 1-
dimensional schemes in more detail.
Example 6.12. Let X be a 1-dimensional Noetherian scheme, e.g. a quasi-
projective curve over a field. Fix a specialization closed subset Y ⊆ X avoiding the
associated points of X . We aim to describe the cotilting sheaf CY from Construc-
tion 6.4 more explicitly.
Fix a point y ∈ Y and denote by i : SpecOX,y → X the canonical morphism
(described in detail in B.1). Denote by ÔX,y the my-adic completion of OX,y, by
j′ : Spec ÔX,y → SpecOX,y the map induced by the completion, and set j(= jy) =
ij′.
The local ring OX,y satisfies my /∈ AssOX,y. In particular, we have
1 ≥ dimOX,y ≥ depthOX,y ≥ 1.
It follows that OX,y is a local Cohen-Macaulay ring and thus, ÔX,y is a local
complete Cohen-Macaulay ring, hence it admits a canonical module ωy ([BH98,
Corollary 3.3.8]). By [BH98, Theorem 3.1.17], we have injdimωy = depth ÔX,y = 1.
In fact, ωy admits an injective resolution
ε : 0 ωy E
0 E1 0 ,pi
where
E0 =
⊕
p∈Spec ÔX,y
ht p=0
E(ÔX,y/p) and E
1 = EÔX,y (ÔX,y/m̂y) ≃ EOX,y (κ(y)).
In particular, E0 ∈ I({m̂y}). Note that all the finite ÔX,y-modules are pure-
injective: this follows from [Pre09, Proposition 4.3.29] and the Matlis duality, since
every finite ÔX,y-module is its own double dual.
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First we aim to show that π : E0 → E1 is an F({m̂y})-cover. Given M ∈
F({m̂y}), we may express M = lim−→i
Mi, where Mi runs over all the finite ÔX,y-
submodules of M . Since m̂y /∈ AssMi, the modules Mi are maximal Cohen-
Macaulay (unless 0) and thus, Ext1
ÔX,y
(Mi, ωy) = 0 ([BH98, Proposition 3.3.3]).
However, since ωy is pure-injective, [GT12, Lemma 6.28] gives
Ext1
ÔX,y
(M,ωy) = Ext
1
ÔX,y
(lim
−→
i
Mi, ωy) ≃ lim←−
i
Ext1
ÔX,y
(Mi, ωy) = 0.
Thus, π is an F({m̂y})-precover. By Proposition 3.11, the F({m̂y})-cover ofE(κ(y))
exists, and by [GT12, Lemma 5.8], its domain is a direct summand in any precover
with a complement in the kernel of the precover. On the other hand, ωy is inde-
composable since EndÔX,y (ωy) ≃ ÔX,y is a local ring ([BH98, Theorem 3.3.4]). It
follows that π is an I({m̂y})-cover.
For the purposes of this example, let us identify quasi-coherent sheaves over
affine schemes SpecOX,y, Spec ÔX,y with the respective module categories via the
global sections functor. Applying j∗ to ε in this sense yields a short exact sequence
of quasi-coherent sheaves on X
0 j∗(ωy) j∗(E
0) J (y) 0
j∗(pi)
(note that j∗ is exact: both i, j
′ are affine morphisms, hence j is, therefore the
higher direct images Rij∗ vanish, [Sta19, Tag 073H]).
The adjunction (j∗, j∗) yields a commutative diagram
HomÔX,y (j
∗(F ), E0) HomX(F , j∗(E0))
HomÔX,y (j
∗(F ), E1) HomX(F , j∗(E1))
≃
pi◦− j∗(pi)◦−
≃
for every F ∈ QCohX and thus, to show that j∗(π) is an F(Y )-precover, it
remains to show that j∗(F(Y )) ⊆ F({m̂y}). The fact that i∗(F(Y )) ⊆ F({my}) is
clear from Definition B.5, as i∗ is identified by the above convention with the stalk
functor at y. The inclusion j′∗(F0({my})) ⊆ F0({m̂y}) amounts to the fact that
the my-adic completion preserves maximal Cohen-Macaulay modules, and finally,
j′∗(F({my})) ⊆ F({m̂y}) follows, since j′∗ preserves direct limits.
To show that j∗(π) is an F(Y )-cover, it is again enough to show that j∗(ωy)
is indecomposable. Since i∗ is fully faithful (by the fact that the counit i
∗i∗ ⇒
Id
Mod-ÔX,y
is an isomorphism), this amounts to showing that j′∗(ωy) is indecom-
posable. Equivalently, one needs to show that ωy is indecomposable as an OX,y-
module. Suppose not and consider a non-trivial decomposition ωy =M ⊕N as an
OX,y-module. Taking the my-adic completion yields a non-trivial decomposition
ωy ≃ ω̂y = M̂ ⊕ N̂ (note that M̂, N̂ 6= 0: this follows e.g. by m
k
yωy = m
k
yM ⊕m
k
yN
and
⋂
k m
k
yωy = 0). This contradicts the indecomposability of ωy as an ÔX,y-
module.
It follows that j∗(π) is an F(Y )-cover of J (y) and hence, we have
K (y) ≃ j∗(ωy) .
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Altogether, the corresponding cotilting sheaf is of the form
CY =
∏
y∈Y
jy∗(ωy)×
∏
x∈X\Y
J (x) .
Example 6.13. Let X = P1k be a projective line over a field and ξ ∈ X be the
generic point. Consider a subset Y ⊆ X avoiding ξ (which is automatically spec.
closed). Then all the local completed rings ÔX,y ≃ k[[T ]] are further Gorenstein,
hence the short exact sequence ε is now of the form
0 ÔX,y Q̂y Ey 0 ,
ϕ
where Q̂y ≃ k((T )) is the completed fraction field. Thus, we obtain
K (y) = jy∗(ÔX,y), y ∈ Y.
Example 6.14. If we considerX = P1k again, there are cotilting sheaves in QCohX
whose associated cotilting classes F are not closed under injective envelopes (equiv-
alently, under twists). Indeed, consider the non-hereditary torsion pair (T0,F0) in
CohX from Example 5.5. The objects of F0 are precisely finite direct sums of copies
of O(n), n < 0. Since O(1) is an ample line bundle, F0 is a generating class in
CohX and, by Theorem 3.13, F = Lim−−→F0 is a cotilting torsion-free class in QCohX .
Let us collect more information about F to illustrate the theory. First of all, F
consists precisely of (possibly infinite) direct sums of copies of O(n), n < 0. This
follows by the same argument as for [Len83, Proposition 3.6]. Furthermore, the
torsion pair (T ,F) is split, i.e. Ext1A(F , T ) = 0, or equivalently the short exact
sequence from Definition 2.1 (2) splits for every A ∈ A. Indeed, using arguments
dual to those in Proposition 4.4, one shows that T = Σ−1(OX⊕O(1)) is a projective
generator in the tilted category, so that the tilted categoryH is equivalent toMod-R,
where R = EndA(T ) = k(•⇒ •) is the Kronecker algebra (this recovers a special
case of Beilinson’s equvalences [Be˘ı78]). Since R is well-known to be hereditary,
Lemma 4.3 (4) implies
Ext1A(F , T ) ≃ Ext
2
H(F ,Σ
−1T ) = 0
(see [HRS96, Lemma 2.1 in Chapter 2] and also [CF07, §6] and [SˇKT11, Theorem
5.2]).
In particular, T ⊆ F⊥. One can check that also O(−1),O(−2) ∈ F⊥ and that
C = O(−1) ⊕ O(−2) is a cotilting object cogenerating F . On the other hand,
O(n) /∈ F⊥ for n ≤ −3 as there exist non-split short exact sequences 0→ O(n)→
O(n+ 1)⊕O(n+ 1)→ O(n+ 2)→ 0. Thus,
F⊥ = O(−2)⊗T = {F ∈ QCohX | O(n) is not a summand of F for each n ≤ −3},
and this class has exact products by Proposition 2.12 (in contrast to Example A.4).
Appendix A. Ext-functors and products in abelian categories
We start with discussing a few aspects of interaction of the Ext1-functor with
infinite products in a general Grothendieck category. This is necessary since, in
contrast to module categories, Grothendieck categories do not have exact products
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in general. That is, given an infinite set I, the product functor∏
i∈I
: AI −→ A
preserves kernels, but it may not preserve cokernels. In fact, the exactness fails
even for QCohX , where k is a field and X = P1k = Projk[x0, x1] is the projective
line over k; see [Kra05, Example 4.9].
Let A be an abelian category and Bi, i ∈ I, be a collection of objects in A such
that the product
∏
i∈I Bi exists in A. For any additive functor F from A to the
category of abelian groups we obtain a canonical morphism F (
∏
iBi)→
∏
i F (Bi)
whose components are F (πi) : F (
∏
iBi) → F (Bi), where πi :
∏
iBi → Bi are
the product projections. Given A ∈ A, we can of course specialize this to F =
Ext1A(A,−):
ψA,Bi : Ext
1
A
(
A,
∏
i∈I
Bi
)
−→
∏
i∈I
Ext1A(A,Bi) .
Unlike in module categories, this might not be an isomorphism (see Example A.4
below), but it still is injective. This in fact follows by formally dualizing [CF07,
Proposition 8.1], but we provide a short proof for the reader’s convenience.
Proposition A.1. If A is an abelian category and A and Bi, i ∈ I, is a collection
of objects such that
∏
i∈I Bi exists in A, then the map ψA,Bi above is injective.
Proof. Consider an extension ε : 0 →
∏
iBi
λ
→ E → A → 0 representing an el-
ement of Ext1A(A,
∏
i∈I Bi). For each i ∈ I, consider the commutative diagram
0
∏
i∈I
Bi E A 0
0 Bi Ei A 0
λ
pii
σi
λi
ρi
where the lower line is the pushout of ε along the product projection πi. If
ψA,Bi([ε]) = 0, then λi splits for each i. Hence there is a retraction ρi : E → Bi,
indicated by the dotted arrow in the diagram. In particular, πi factorizes through
λ since πi = ρiσiλ. Using the universal property of the product, we obtain a fac-
torization through λ of the identity on
∏
iBi. That is, λ splits as well and ε must
represent the zero element of Ext1A(A,
∏
i∈I Bi). 
Corollary A.2. For any object A ∈ A and any collection of objects Bi ∈ A, i ∈ I
for which
∏
i∈I Bi exists, we have that
Ext1A
(
A,
∏
i∈I
Bi
)
= 0 if and only if ∀i ∈ I : Ext1A
(
A,Bi
)
= 0 .
Corollary A.3. Let A be an abelian category with products. For any class S of
objects in A we have
KerExt1A(−,S) = Ext
1
A(−,Prod(S)).
An example of ψA,Bi actually not being an isomorphism can be found in the
category of quasi-coherent sheaves on a projective line.
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Example A.4. Suppose that A is a hereditary Grothendieck category such that
products are not exact in A. That is, there is an infinite set I and a family of
objects Bi, i ∈ I, such that the first right derived functor of
∏
i∈I : A
I → A does
not vanish on (Bi | i ∈ I). More specifically, we can chose for each i ∈ I an injective
resolution of Bi,
0 Bi E
0
i E
1
i 0
and the product
0
∏
i∈I
Bi
∏
i∈I
E0i
∏
i∈I
E1i
f
of these resolutions sequences is left, but not right exact. Since A is hereditary,
the image of f is an injective object and, hence, a summand of
∏
i∈I E
1
i . Let
ι : A→֒
∏
i∈I E
1
i be an inclusion of a complement of the image of f . Then the
compositions (πi ◦ ι : A→ E1i | i ∈ I) define an element of
∏
i∈I Ext
1
A(A,Bi) which
cannot be in the image of ψA,Bi .
To demonstrate a concrete example, let again k be a field and A = QCohX for
X = P1k. By [Kra05, Example 4.9], we can take I = N and for each n ∈ N we can
let Bn be the kernel of the canonical epimorphism
O(−n)⊗k HomX(O(−n),O) −→ O.
Remark A.5. As in [CF07, §8], one can also consider the dual situation, that is,
the canonical morphisms
ϕBi,A : Ext
1
A
(⊕
i∈I
Bi, A
)
−→
∏
i∈I
Ext1A(Bi, A)
However, these are isomorphisms as long as our abelian category has enough injec-
tives, so in particular for any Grothendieck category. To see that, let
E• : E0 E1 E2 E3 · · ·
be an injective resolution of A and consider the following commutative square of
abelian groups:
Ext1A
(⊕
i∈I
Bi, A
)
H1
(
HomA
(⊕
i∈I
Bi, E
•
))
∏
i∈I
Ext1A(Bi, A)
∏
i∈I
H1
(
HomA(Bi, E
•)
)ϕBi,A can≃
Appendix B. Quasi-coherent sheaves on locally Noetherian schemes
B.1. Injective sheaves on locally Noetherian schemes. This part is devoted
to summarizing results about sheaves on locally Noetherian schemes.
We start with structure of injective quasi-coherent sheaves on a locally Noe-
therian scheme X . It directly generalizes the structure of injective modules over a
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Noetherian ring; see [Gab62, Ch. IV and VI] and [Har66, §II.7]. Namely, for each
point x ∈ X there is an associated indecomposable injective sheaf J (x), and every
injective sheaf is a direct sum of the sheaves J (x) for various points x ∈ X .
In order to define the sheaves J (x), let us first briefly describe a natural embed-
ding SpecOX,x → X . Consider x ∈ X and denote by Y the set of all generizations
of x, i.e. the set of all points y with x ∈ {y}. Upon fixing an affine open neigh-
bourhood U of x, we have that
Y = {y ∈ U | py ⊆ px},
where py denotes the prime ideal of OX(U) corresponding to the point y ∈ U . The
localization map OX(U)→OX(U)px = OX,x induces an embedding
SpecOX,x
j
−→ SpecOX(U) = U,
and composition of j with the open immersion U ⊆ X yields an embedding of
schemes
SpecOX,x
i
→֒ X
with i(SpecOX,x) = Y . It can be checked that i is independent of the choice of U .
Define
J (x) = i∗
(
E˜x
)
,
where Ex is the injective hull of κ(x), the residue field at x (in Mod-OX,x). Since
SpecOX,x is a Noetherian scheme, it follows that the morphism i is quasi-compact
and quasi-separated (cf. [GW10, Remark 10.2 (3) and Definition 10.22]) and that
J (x) is a quasi-coherent sheaf ([GW10, Corollary 10.27]). Let us now state a
version of the classification theorem.
Proposition B.1. Let X be a locally Noetherian scheme and F a quasi-coherent
sheaf. Then the following are equivalent:
(1) F is an injective OX -module.
(2) F is an injective quasi-coherent sheaf (i.e. it is an injective object in QCohX).
(3) For every x ∈ X , Fx is an injective OX,x-module.
(4) F is a direct sum of sheaves of the form J (x) for various x ∈ X .
Proof. The equivalence of (1), (3) and (4) is proved in [Har66, II.7.17]. Let us
briefly comment on the equivalence of (1) and (2).
The implication (1)⇒ (2) follows directly from the fact that monomorphisms in
QCohX are precisely monomorphisms in Mod-OX between objects from QCohX .
Conversely, suppose that F is injective as a quasi-coherent sheaf. By [Har66,
II.7.18], there is a monomorphism F →֒ G , where G is a quasi-coherent sheaf which
is injective as an OX -module. Using the injectivity of F (in QCohX), it follows that
this monomorphism splits (in QCohX , thus also in Mod-OX). Thus, F is a direct
summand of injective OX -module, hence it is an injective OX -module as well. 
The following consequence of the classification theorem is important for our
purposes as well.
Corollary B.2. Let X be a locally Noetherian scheme. The class of injective
quasi-coherent sheaves on X is closed under taking direct limits.
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Proof. Suppose a sheaf F is given by
F = lim
−→
i
Ei
with all Ei’s injective quasi-coherent sheaves. Consider an arbitrary point x ∈ X .
As the stalk functor (−)x is a left adjoint, we have
Fx = lim−→
i
(Ei)x .
By Proposition B.1, all the OX,x-modules (Ei)x are injective. As OX,x is a
Noetherian ring, it follows that the direct limit Fx is injective as well. Using
Proposition B.1 again, we infer that F is an injective quasi-coherent sheaf. 
A stronger result, which is employed in Section 5, holds for Noetherian (i.e.
locally Noetherian and quasi-compact) schemes.
Lemma B.3. LetX be a Noetherian scheme. ThenQCohX is a locally Noetherian
Grothendieck category, and Noetherian objects are precisely the coherent sheaves.
Proof. This was shown in [Gab62, Ch. 6, The´ore`me 1], but we sketch the argument
for the reader’s convenience. By definition, X has a finite open affine cover X =
U1 ∪ · · · ∪ Un such that OX(Ui) are Noetherian rings. If F is a coherent sheaf
on X , then F(Ui) are Noetherian OX(Ui)-modules, and hence F also satisfies the
ascending chain conditions on subobjects in QCohX . Finally, every quasi-coherent
sheaf on X is the union of its coherent subsheaves by [Har77, Exercise II.5.15]
or [GW10, Corollary 10.50]. 
Remark B.4. Despite the terminology, QCohX need not be a locally Noetherian
category if X is a locally Noetherian scheme. An example of this phenomenon was
exhibited in [Har66, §II.7, p. 135–136]. Since direct sums of injective quasi-coherent
sheaves are still injective by Corollary B.2, QCohX then cannot even be a locally
finitely generated Grothendieck category due to [Ste75, Proposition V.4.3].
To obtain a better feeling, let us have a look at the example from [Har66]. It
is an integral (i.e. reduced and irreducible) scheme X which is a direct union of a
chain
U0 ( U1 ( U2 ( U3 ( · · ·
of open Noetherian subschemes. If we denote by In the quasi-coherent sheaf of
ideals of the closed subset X \ Un, it is not difficult to check that OX =
⋃
n In in
QCohX (as well as in Mod-OX). Thus the structure sheaf OX is coherent, but not
a finitely generated object of QCohX .
B.2. Supports and associated points. Let us now focus more closely on the
topic of associated points and points in the support of quasi-coherent sheaves, as
these are among the main tools used in this paper. In what follows in this section,
let X be a Noetherian scheme.
Definition B.5. Let F be a quasi-coherent sheaf on X . Define the support of
the sheaf F by
SuppF = {x ∈ X | Fx 6= 0} .
We say that a point x ∈ X is an associated point of F provided that there is a
monomorphism of OX,x-modules
κ(x) →֒ Fx ,
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i.e. if there is an (affine) open set U ⊆ X and a section s ∈ F (U) such that
AnnOX,x(sx) = mx. Denote the set of all associated points of F by AssF .
Recall that given a commutative ring R, its prime ideal p and an R-module M ,
we say that p is an associated prime of M if p = Ann(m) for some m ∈M . That is,
there is an injection of R-modules R/p →֒ M (taking 1 + p to m). Denote the set
of all associated primes of M by AssM . Similarly, define support of M , denoted
by SuppM , as the set of all primes p such that Mp 6= 0.
The following lemma describes the basic well-known properties of associated
primes. The proof can be found e.g. in [Eis95, Sections 3.1 and 3.2].
Lemma B.6. Let R be a commutative Noetherian ring, M an R-module and
p ⊆ R a prime ideal.
(1) p ∈ AssM if and only if pp ∈ AssMp.
(2) AssM ⊆ SuppM .
(3) AssM = ∅ if and only if SuppM = ∅ if and only if M = 0.
(4) Given any collection Mi, i ∈ I, of R-modules, we have
Ass
⊕
i∈I
Mi =
⋃
i∈I
AssMi
and
Supp
⊕
i∈I
Mi =
⋃
i∈I
SuppMi .
(5) Given a short exact sequence of R-modules
0 A B C 0 ,
we have that AssB ⊆ AssA ∪ AssC and SuppB = SuppA ∪ SuppC.
Now we use these algebraic facts to prove their algebro-geometric counterparts.
Corollary B.7. Let X be a Noetherian scheme, F a quasi-coherent sheaf on X
and x ∈ X a point.
(1) x ∈ AssF if and only if there exists an affine open neighbourhood U of x such
that px ∈ AssF (U).
(1’) x ∈ AssF if and only if for every affine open neighbourhood U of x,
px ∈ AssF (U).
(2) AssF ⊆ SuppF .
(3) AssF = ∅ if and only if SuppF = ∅ if and only if F = 0.
(4) Given any collection Fi, i ∈ I, of quasi-coherent sheaves on X , we have
Ass
⊕
i∈I
Fi =
⋃
i∈I
AssFi
and
Supp
⊕
i∈I
Fi =
⋃
i∈I
SuppFi .
(5) Given a short exact sequence of quasi-coherent sheaves on X
0 F G H 0,
34 PAVEL CˇOUPEK AND JAN SˇTˇOVI´CˇEK
we have that AssG ⊆ AssF ∪ AssH and SuppG = SuppF ∪ SuppH .
Proof. If U is an affine open neighbourhood of x, the stalk Fx may be computed
as (F (U))
px
and thus, x ∈ AssF if and only if mx = (px)px ∈ Ass (F (U)px).
Application of Lemma B.6 (1) thus proves (1) and (1’). The statement (2) is
clear from the definition. Statements (3)–(5) follow directly from its algebraic
counterparts using the facts that for any x ∈ X, the stalk functor (−)x is exact (to
prove (5)) and preserves direct sums (to prove (4)). 
Additionally, let us prove the following lemma on associated points of direct
limits of sheaves.
Lemma B.8. Let X be a locally Noetherian scheme and F a quasi-coherent
sheaf on X . If F is a direct limit of a directed system of quasi-coherent sheaves
(Fi | i ∈ I), then
AssF ⊆
⋃
i∈I
AssFi.
Proof. We start with a reduction to the affine case. Note that for every point
x ∈ X , we have that Fx = lim−→i
(Fi)x as the stalk functor preserves colimits. It is
clearly enough to show the implication
∀x ∈ X : If mx ∈ Ass (Fx), then mx ∈ Ass ((Fi)x) for some i ∈ I,
which is easily seen to be a consequence of the affine version of the statement.
Let us now assume thatR is a Noetherian commutative ring andM,Mi, i ∈ I are
R-modules with lim
−→i
Mi =M . Denote νi :Mi →M the canonical homomorphisms
and consider p ∈ AssM. Fix an injective homomorphism R/p
ι
→֒ M . Since R is
Noetherian, the module R/p is finitely presented and thus, ι has a factorization
ι = νiιi,
where i ∈ I is some index and ιi : R/p → Mi is a suitable homomorphism (see
e.g. [GT12, Lemma 2.8]). Such ιi is necessarily injective since ι is. It follows that
p ∈ AssMi, which concludes the proof. 
Associated points are closely related to injective envelopes, exactly as in the
affine case. In fact, one can define associated points of objects of certain abstract
Grothendieck categories this way, [Gab62, §IV.2]. We record the following lemma
and its consequence.
Lemma B.9. For a point x ∈ X , AssJ (x) = {x}.
Proof. Let y ∈ AssJ (x). Note first that y must be a specialization of x. Indeed,
otherwise there is an open set U ⊆ X which contains y, but not x. Denoting again
by i : SpecOX,x →֒X the canonical embedding, we would obtain
J (x)(U) = i∗
(
E˜x
)
(U) = E˜x
(
i−1(U)
)
= E˜x(∅) = 0,
which is absurd.
So suppose that y ∈ {x}. Then J (x)y ∼= i∗
(
E˜x
)
y, which is just the injective
envelope Ex of κ(x), viewed as an OX,y-module. It is well known that AssEx =
{px}, so AssJ (x) = {x}. 
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Corollary B.10. Let X be a Noetherian scheme and F ∈ QCohX . Denote by
E(F ) the injective hull of F . Then AssF = AssE(F ).
Proof. Obviously, AssF ⊆ AssE(F ) as F is a subsheaf of E(F ).
Suppose for contradiction that there is a point x ∈ AssE(F ) \AssF . Then we
can expressE(F ) as a direct sum
⊕
i∈I J (xi) for a certain collection of points {xi |
i ∈ I} by Proposition B.1 (4), and clearly xi = x for some i by Corollary B.7 (4) and
Lemma B.9. In particular, E(F ) has both F and J (x) as subsheaves. However,
Ass (F ∩J (x)) ⊆ (AssF ) ∩ {x} = ∅. Thus, F ∩J (x) = 0, which contradicts
the essentiality of the inclusion F ⊆ E(F ). 
Given a commutative Noetherian ring R and an R-module M , an associated
prime p of M can always be “isolated” in a finitely generated submodule N ⊆ M.
That is, there is a finitely generated submodule N with AssN = {p}. This is
obvious, one simply needs to take N to be an isomorphic copy of R/p that is
embedded into M .
It will be useful to generalize this property for Noetherian schemes. To this end
let x ∈ X be a point and let Zx be the integral closed subscheme of X with generic
point x (such Zx exists and is unique by [GW10, Proposition 3.50]). If we denote
by j : Zx→֒X the closed immersion, a naive non-affine analogue of R/p is the sheaf
j∗(OZx). It is coherent as j∗(OZx) ∼= OX/Ix, where Ix is the coherent sheaf of
ideals of OX whose sections are precisely those which vanish at x (i.e. Ix(U) =
px ⊆ OX(U) is the prime corresponding to x if x ∈ U and Ix(U) = OX(U) if
x 6∈ U for an open affine subset U of X).
However, in contrast to the affine case, this sheaf does not embed into every
quasi-coherent sheaf F with x ∈ AssF . In fact, in general there is no single
coherent sheaf G such that quasi-coherent sheaves F with x ∈ AssF would be
characterized by the existence of a monomorphism G →֒ F .
Example B.11. Let X = P1k be a projective line over a field k and ξ ∈ X be
the generic point. A quasi-coherent sheaf F with ξ ∈ AssG cannot be torsion,
so it contains a line bundle L as a subsheaf. In fact, any line bundle L satisfies
AssL = {ξ}, and if a testing coherent sheaf G for ξ existed, a line bundle L ⊆ G
would also be such a testing sheaf.
However, there is no single line bundle that would embed into any other line
bundle, since HomX(O(m),O(n)) = 0 if n < m.
However, we obtain the following by a straightforward modification of [Sta19,
Tag 01YE].
Proposition B.12. Let X be a Noetherian scheme, x ∈ X be a point, Zx be the
integral closed subscheme of X with generic point x and j : Zx →֒X be the closed
immersion.
Given a quasi-coherent sheaf F , we have x ∈ AssF if and only if there exists
a non-zero coherent sheaf of ideals I ⊆ OZx such that j∗(I ) →֒ F . Moreover, in
this case Ass j∗(I ) = {x} and Supp j∗(I ) = {x}.
Proof. We start with the last sentence. Suppose that 0 6= I ⊆ OZx—then clearly
Supp j∗(I ) ⊆ {x}. If y ∈ Ass j∗(I ), then y ∈ Zx, since otherwise y would have an
open affine neighbourhood U with j∗(I )(U) = 0. If y ∈ Zx, consider an open affine
neighbourhood U of y. Then also x ∈ U and Ass j∗(I )(U) = {px} since j∗(I )(U)
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is a non-zero ideal of the domain j∗(OZx)(U). This shows that Ass j∗(I ) = {x}
and Supp j∗(I ) ⊆ {x}.
Let now F be a quasi-coherent sheaf with x ∈ AssF and let Ix be the coherent
sheaf of ideals of Zx as above. We first reduce the situation to the case where
Ix ·F = 0. Indeed, let F ′ ⊆ F be the subsheaf of sections annihilated by Ix (i.e.
F ′(U) = {s ∈ F (U) | Ix(U) · s = 0}). Then F
′ is quasi-coherent and x ∈ AssF ′
by [Sta19, Tag 01PO], so we can replace F by F ′.
If Ix · F = 0, then F ∼= j∗(j∗F ) by [GW10, Remark 7.35]. Moreover, since
Fx ∼= j∗(j∗F )x ∼= (j∗F )x, we have x ∈ Ass j∗F . If we find a non-zero coherent
sheaf of ideals I ⊆ OZx such that I →֒ j
∗F , then by adjunction j∗(I ) embeds
into F . Hence we reduced the problem to the case where X = Zx.
Assume, therefore, that X is integral, x is its generic point and x ∈ AssF .
Then, by Corollary B.7, there exists an open affine neighbourhood U of x and an
embedding ψ : OX(U) →֒ F (U). Let I ⊆ OX be a coherent sheaf of ideals such
that SuppOX/I = X \ U (see for instance [Sta19, Tag 01J3]). The proof will
be concluded by the following lemma, which implies that there exists n ≥ 0 such
that ψ extends to a homomorphism ϕ : I n → F . Note that since ϕ is generically
injective and I n has torsion-free modules of sections over the sheaf of domains
OX , it follows that ϕ is itself injective. 
Lemma B.13 ([Sta19, Tag 01YB], [Gab62, §V.2, Corollaire 1]). Let X be a
Noetherian scheme and F ∈ QCohX . Let I ⊆ OX be a coherent sheaf of ideals,
Z = SuppOX/I the corresponding closed subset and U = X \ Z. Then taking
sections over U induces a canonical isomorphism
lim
−→
n
HomX(I
n,F )
≃
−→ F (U).
B.3. The closed monoidal structure on sheaves. Finally, we recall a few basic
facts about the standard closed monoidal structure on Mod-OX and CohX . We
again assume that X is a locally noetherian scheme.
We will write ⊗ = ⊗OX for the usual tensor product onMod-OX , which is simply
the sheafification of the obvious tensor product of presheaves; see e.g. [GW10, §7.4].
If F ,G are sheaves of OX -modules and x ∈ X , then canonically
(F ⊗ G )x ≃ Fx ⊗OX,x Gx.
If, moreover, both F ,G are quasi-coherent (resp. coherent), then F ⊗ G is quasi-
coherent (resp. coherent) and
(F ⊗ G )(U) ∼= F (U)⊗OX(U) G (U)
for each open affine subset U ⊆ X by [GW10, Corollary 7.19].
GivenF ,G ∈ Mod-OX , one can define the sheaf of homomorphismsHomX(F ,G ) ∈
Mod-OX by setting
HomX(F ,G )(U) = HomU (F |U ,G |U ) for all open subsets U ⊆ X.
The usual homomorphism group HomX(F ,G ) can be recovered as the global sec-
tions of HomX(F ,G ). If F is a coherent sheaf, then
HomX(F ,G )x ≃ HomOX,x(Fx,Gx)
canonically for each x ∈ X by [GW10, Proposition 7.27]. If, moreover, G is quasi-
coherent (resp. coherent), then also HomX(F ,G ) is quasi-coherent (resp. coherent)
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and for each open affine U ⊆ X , we also have
HomX(F ,G )(U) ≃ HomOX(U) (F (U),G (U)) .
The two construction are related by the usual adjunction
HomX(F ⊗ G ,H ) ≃ HomX (F ,Hom(G ,H ))
for any triple F ,G ,H ∈ Mod-OX . In particular, (Mod-OX ,⊗,OX ,HomX) is
naturally a closed monoidal category, and CohX is a closed monoidal subcategory.
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